We introduce a new methodology that allows the construc-4 tion of wave frequency distributions due to growing incoherent whistler-mode 5 waves in the magnetosphere. The technique combines the equations of ge-6 ometric optics (i.e. raytracing) with the equation of transfer of radiation in 7 an anisotropic lossy medium to obtain spectral energy density as a function 8 of frequency and wavenormal angle. We describe the method in detail, and 9 then demonstrate how it could be used in an idealised magnetosphere dur-10 ing quiet geomagnetic conditions. For a specific set of plasma conditions, we 11 predict that the wave power peaks off the equator at ∼ 15 • magnetic lati-12 tude. The new calculations predict that wave power as a function of frequency 13 can be adequately described using a Gaussian function, but as a function of 14 wavenormal angle, it more closely resembles a skew normal distribution. The 15 technique described in this paper is the first known estimate of the paral-16 lel and oblique incoherent wave spectrum as a result of growing whistler-mode 17 waves, and provides a means to incorporate self-consistent wave-particle in-18 teractions in a kinetic model of the magnetosphere over a large volume.
X -4 WATT ET AL.: WAVE DISTRIBUTIONS geometric effects and Landau damping of the waves [Bortnik et al., 2011b; Chen et al., 41 2012a Chen et al., 41 , b, 2013 . Using a similar method, but with different assumptions, Watt et al. [2012] 42 attempted to build up a picture of the incoherent wavepower due to growing whistler-mode 43 waves by tracing tens of millions of raypaths using random initial locations from a region 44 5 < L < 10 and −30 • < λ < 30 • , and random initial wave parameters selected from the 45 range of unstable frequencies and wave normal angles. The key difference between the 46 two approaches is that Watt et al. [2012] make no assumptions regarding source location; 47 waves may be generated anywhere in the magnetosphere where the local plasma conditions 48 support linear whistler-mode wave growth. Nonetheless, the approach of Watt et al. [2012] 49 only yields the distribution of wave gain at any particular location. Distributions of wave 50 gain can provide some indication of the wave parameters that encourage the most growth, 51 but cannot be compared directly with satellite observations. 52 In this paper we describe a technique that estimates spectral energy density from these 53 gains as a function of frequency and wavenormal angle. Our aim here is to elucidate how 54 to construct the wave frequency distributions for growing incoherent waves; future work 55 will use the technique to investigate wave distributions throughout the magnetosphere for 56 different conditions, and investigate the effects that these self-consistent wave distributions 57 have on the resulting electron diffusion. 58 In section 2, we describe how raytracing and path-integrated gain calculations may be 59 used to construct wave frequency distributions in the magnetosphere. Section 3 presents discuss possible uses of these calculations in Section 5, before presenting our conclusions 63 in Section 6. 64
From raytracing to spectral energy density
The spectral energy density of waves u ω in an arbitrary anisotropic medium may be 65 calculated from:
where u ω is measured in joules per cubic metre per frequency interval dω, I ω is the intensity 68 of the radiation, v g is the local group velocity of waves of that frequency, and χ is the 69 angle of the group velocity relative to the magnetic field, or ray direction. In this case, we 70 will meaure χ relative to the local magnetic field (i.e. χ is the angle between v g and B 0 ).
71
Note that for the demonstration in this paper, we will ignore any azimuthal propagation 72 of the whistler-mode waves, and so the integration in equation [1] will cover 2π, although 73 it will be straightforward to extend the calculation to three dimensions where χ is a solid 74 angle. The calculation of spectral energy density therefore requires us to find I ω as a 75 function of group velocity angle. Watt et al. [2012] demonstrated that growing incoherent 76 whistler-mode waves in a dipolar magnetic field have group velocity angles close to the 77 anti-parallel and parallel directions (i.e. χ < 10 • ). Note, however, that the maximum 78 gains did not occur for propagation that was exactly aligned with the magnetic field, as 79 is expected from local solutions to the dispersion relation.
80
In an isotropic medium with no emission, absorption or scattering, the ratio I ω /n 2 is 81 constant along a ray path, where n = |n| = |ck/ω| is the refractive index of the medium.
82
The appropriate generalisation of this ratio for an anisotropic medium is that
WATT ET AL.: WAVE DISTRIBUTIONS constant, where n r is the "ray refractive index" of the medium given by Bekefi [1966] :
Here, ψ is wavenormal angle (i.e. the angle between k and B 0 ), and ν = (1/n)(∂n/∂ψ) ω .
86
By including growth or damping of waves due to interactions with the plasma, the change 87 in I ω /n 2 r along the raypath can be written (c.f. Church and Thorne [1983] ):
where ω i is the imaginary frequency of the wave and α is the angle between the group 90 velocity vector and the wavenumber vector. The solution to equation [3] gives the value 91 of intensity at point b along the raypath s: We construct an idealised dipole model of the magnetospheric magnetic field between 106 L = 5 and L = 10. A modified diffusive equilibrium model for the electron number density 107 N e [Inan and Bell , 1977] , similar to models used by Bortnik et al. [2006 Bortnik et al. [ , 2007a Bortnik et al. [ , b, 2011a , 108 is used, with parameters chosen to fit the density profiles shown in Li et al. [2010] . The 109 model, and the parameters chosen, are discussed in detail in the Appendix of Watt et al.
110
[2012] and are shown to produce values of N e (L), and hence the ratio of plasma frequency 111 to gyrofrequency ω pe /Ω e that matches the variation observed in the statistical THEMIS 112 measurements (see Figure 1b of Li et al. [2010] ).
113
The choice of distribution of warm/hot electrons which provide the plasma instability the statistical survey of anisotropy and phase space density. If w = (r eq /R E ) − 5, and r eq 120 is the radial distance at the equator, then the functional forms for populations 1 and 2 in 121 the equatorial plane are:
122
A eq,1 = 0.004w 3 + 0.2w (6) 123 A eq,2 = 0.0061w 3
124 n eq,1 = 10 5 + 3.0 × 10 5 w (8) The cold plasma density is set equal to N e − n eq,1 − n eq,2 . The free energy driving the 127 unstable growth of the waves is therefore an electron temperature anisotropy at large 128 values of L.
129 Figure 1a shows a growing raypath arbitrarily selected from one of the millions of 130 raypaths used in the analysis of Watt et al. [2012] . We follow this raypath only for 131 demonstration purposes, before describing later how raypaths will be specially selected contributed by waves that have travelled furthest to arrive at the observation point (i.e. 150 from those waves that started near s = 0). Waves that started too near the observation 151 point have negative gain, because they are mostly damped; they will not contribute to u ω 152 at this frequency. The total contribution from the sum of all incoherent waves generated 153 along this raypath from the arbitrary start point s 0 to the selected observation point is 154 therefore:
where it is assumed that all waves have the same initial intensity I 0 , and s 1 is the last 157 point along the raypath with ω i > 0 and Γ > 0.
158
By choosing an observation point further from the initial point (e.g. the red square in 159 Figure 1a ), we can see that there are no contributions to u ω from any point along the 160 path where ω i > 0. All values of Γ shown by red dots in Figure 1d are negative.
161
The arbitrary initialisation point used in the traditional forward raytracing displayed 162 in Figure 1a is not the best selection for s 0 in equation [10] and the subsequent raypath is 163 not guaranteed to include all possible contributions from waves along that raypath; there 164 could be points further from the observation point that also have ω i > 0 and give Γ > 0.
165
The best way to include all possible contributions, and therefore establish s 0 and s 1 along 166 each path, is to trace rays backwards from the observation point. is very interesting to discover that as a function of frequency only, our prediction of u ω at 200 this low latitude can be approximated using a Gaussian function:
202
where ω m = 0.165 and δω = 0.051 (indicated by the solid line in Figure 4 ). It is im- 
Wave frequency distributions as a function of latitude
The creation of wave spectra using the backward raytracing allows us to make a pre-211 diction of the relative wave power at different latitudes. Figure 5 shows the predicted is important to note that our method predicts that wave power near to the equator is a 229 combination of waves travelling in opposite directions. The wavenormal distribution peaks 230 at ∼ 12 • and ∼ 168 • , where ψ is measured clockwise from the magnetic field direction.
231
At λ = 15 • magnetic latitude, the wavenormal distribution has become much less sym-232 metric and peaks at a slightly higher wavenormal angle. Figure 7 shows that the intensity 233 peaks at around ψ ∼ 20 • , and that there is very little wave power with wavenormals 234 pointing towards the equator. 
where ω m is the frequency of maximum wavepower, δω is the frequency width, ω lc , ω uc 249 are the lower and upper frequency cutoffs, A 2 (ω, ω m , ω lc , ω uc ) is a normalisation constant, 250 X = tan ψ, X m is the value of X corresponding to maximum wavepower, X w is the latitudes it more closely resembles a skew normal function [O'Hagan and Leonard , 1976] .
258
The variation of u ω,ψ with ψ resembles a skew normal function at all latitudes. Future 259 work will determine whether u ω,ψ can be best described using two independent functions 260 of ω and ψ or whether the relationship is more complicated.
261
Quantitative predictions of the wave spectral energy density require an estimate of the 262 original intensity of the waves I 0 . In the absence of other plasma instabilities, the initial 263 intensity of each wave is likely related to the amplitude of the thermal noise in the plasma 264 (see e.g. Fejer and Kan [1969] ), and this may vary with frequency and wavenumber.
265
In an inhomogeneous magnetic field, the thermal noise is difficult to calculate from first 266 principles, and so we leave an estimate of I 0 to future work. A more realistic alternative 267 is to validate the predicted wave distributions using in-situ observations of incoherent 268 whistler-mode waves. In this way, the initial wave intensity may be calibrated.
269
An important assumption inherent in the characterisation of the wave distributions given the number of parameters involved, and will be reported in future work.
283
An interesting alternate raytracing technique is presented in Chen et al. [2013] to study 284 the power spectra of whistler-mode waves, specifically lightly-damped chorus waves. The 
294
The technique we have described can be used to make predictions of the wave distri-295 butions at any location, as long as the generated waves obey the caveats of quasilinear 296 theory, i.e. they are incoherent and broadband, and have amplitudes that result in small 297 perturbations in the plasma distribution function. The technique used in this paper can-298 not predict the wave distributions of whistler-mode chorus waves, since they most likely 299 have a nonlinear generation mechanism [Katoh and Omura, 2007; Omura et al., 2008; 300 Hikishima et al., 2009; Katoh and Omura, 2011] . These calculations are more relevant for 301 prediction of the amplitude of "hiss-like" whistler-mode waves, similar to those observed technique can be used to predict the wave distributions of other types of electromagnetic 304 wave that exhibit "ray" behaviour and that are driven unstable by a relatively simple 305 instability (e.g. anisotropy driven electromagnetic ion cycoltron waves) and so has more 306 general utility.
307
To obtain a prediction of the wave distribution, the plasma must be modelled not just the backwards raytracing approach described in this paper offers the first step to con-317 structing self-consistent kinetic models of whistler-mode wave-particle interactions over a 318 large volume of the magnetosphere, where the balance between wave growth and particle 319 diffusion could be studied more realistically. 320
Conclusion
In this paper we have have introduced a methodology to construct the distribution of the capability of the technique, we show that in an idealised quiet-time magnetosphere 326 at 9MLT and L = 9, the wave power peaks off the equator at 15 • magnetic latitude.
327
The wave spectral energy density can be approximated reasonably well with a Gaussian 328 function, but the wavenormal distribution is best described by a skew normal distribution 329 in wavenormal angle ψ, and most power lies in the wavenormals pointing away from the 330 equator. The wave power does not peak at ψ = 0, π (even at the equator), but at a small 331 oblique angle that increases with latitude.
332
As far as we are aware, this is the first time a methodology has been presented that 333 allows the parallel and oblique incoherent wave spectrum to be calculated due to growing 
